Abstract. Fix d ≥ 2 and a field k such that char k ∤ d. Assume that k contains the dth roots of 1. Then the irreducible components of the curves over k parameterizing preperiodic points of polynomials of the form z d + c are geometrically irreducible and have gonality tending to ∞. This implies the function field analogue of the strong uniform boundedness conjecture for preperiodic points of z d + c. It also has consequences over number fields: it implies strong uniform boundedness for preperiodic points of bounded eventual period, which in turn reduces the full conjecture for preperiodic points to the conjecture for periodic points.
. Let f n (z) be the nth iterate of f ; in particular, f 0 (z) := z. If n and m are nonnegative integers with n > m, then any irreducible factor of f n (z) − f m (z) ∈ k[z, c] defines an affine curve over k. By a dynatomic curve over k, we mean any such curve, or its smooth projective model. Any k-point on such a curve yields c 0 ∈ k equipped with a preperiodic point in k, that is, an element z 0 ∈ k that under iteration of x d + c 0 eventually enters a cycle; the length of the cycle is called the eventual period. We consider two dynatomic curves to be different if the corresponding closed subschemes of A 2 k are distinct. Section 2 describes all dynatomic curves in characteristic 0 explicitly.
1.2. Gonality. Let k be an algebraic closure of k. Let µ d = {x ∈ k : x d = 1}. For a curve X over k, let X k = X × k k. If X is irreducible, define the gonality γ(X) of X as the least possible degree of a dominant rational map X P 1 k . If X is geometrically irreducible, define its k-gonality as γ(X k ).
the known factors of the polynomials f n (z) − f m (z) are irreducible. Some partial results regarding the irreducibility of dynatomic curves in positive characteristic may be found in [DKO + 17], but we will not use them.
Let us now introduce notation for our second main result. Let µ(n) denote the Möbius µ-function. Then f n (z) − z = e|n Φ e (z, c), where
(1) Φ n (z, c) := e|n (f e (z) − z) µ(n/e) ∈ k[z, c].
Let Y dyn 1
(n) be the curve defined by Φ n (z, c) = 0 in A 2 k , and let X dyn 1 (n) be the normalization of its projective closure. To simplify notation, we omit the superscript dyn from now on. General points of X 1 (n) parametrize polynomials of the form z d + c equipped with a point of exact order n.
The morphism (z, c) → (f (z), c) restricts to an order n automorphism of Y 1 (n), so it induces an order n automorphism σ of X 1 (n). The quotient of X 1 (n) by the cyclic group generated by σ is called X 0 (n). If char k = 0, it is known that X 1 (n) is geometrically irreducible, so X 0 (n) is too.
Remark 1.5. Our definition of dynatomic curve does not include quotient curves such as X 0 (n), so the conclusion γ(X 0 (n)) → ∞ of Theorem 1.4 does not follow from Theorem 1.1(b).
To prove Theorem 1.4, we use that X 0 (n) already has a morphism to P 1 of degree lower than expected for its genus, namely X 0 (n) c → P 1 . If it also had a morphism to P 1 of bounded degree, then the Castelnuovo-Severi inequality would make the genus of X 0 (n) smaller than it actually is, a contradiction. See Section 3 for details.
To prove Theorem 1.1(b), we use different arguments in characteristic 0 and characteristic > 0.
In characteristic 0, we use that each dynatomic curve dominates X 1 (n) and hence also X 0 (n) for some n, so its gonality is large when n is large. On the other hand, for a fixed small n, the dynatomic curves above X 1 (n) come in towers and we use the Castelnuovo-Severi inequality to work our way up each tower. See Section 3.
In characteristic p, we prove that the irreducible components of f n (z) − f m (z) have large degree over the c-line, and we use that to prove that over the finite field F q := F p (µ d ) their smooth projective models have so many F q -points over c = ∞ that their F q -gonalities must be large. Finally, we use a result controlling how gonality of a curve changes when the base field is enlarged. See Section 4. Theorems 1.6 and 1.7 are proved in Section 5. Theorem 1.7 implies that the strong uniform boundedness conjecture for periodic points over number fields implies the strong uniform boundedness conjecture for preperiodic points over number fields, as we now explain: 
Classification of dynatomic curves
For m, n ≥ 1, let Y 1 (m, n) be the curve over k whose general points parametrize polynomials z d + c equipped with a preperiodic point that after exactly m steps enters an n-cycle. This curve is the zero locus in A 2 k of the polynomial
.
Then for any m, n ≥ 1,
and
The following is a collection of results from [Bou92, LS94, Mor96, Gao16].
Theorem 2.1. Let k be a field of characteristic 0 such that µ d ⊂ k. Then the curves Y 1 (n) for n ≥ 1 and the curves Y 1 (m, n) ζ for m, n ≥ 1 and ζ ∈ µ d − {1} are irreducible, so they are all the dynatomic curves over k.
Computer experiments (at least for d = 2) suggest that Theorem 2.1 holds for any field 
. An irreducible component corresponding to an orbit of size greater than 1 is not geometrically irreducible.
Gonality in characteristic 0
Given a geometrically irreducible curve X over k, let g(X) denote the genus of its smooth projective model. Let D 0 (n) be the degree of the morphism X 0 (n)
The Galois group of (the Galois closure of ) the covering X 0 (n)
On the other hand, one can show (e.g., as in the proof of [Doy16, Lemma 2.2]) that 
Proof of Theorem 1.4. Let X 0 (n) h −→ P 1 be a dominant rational map of minimal degree.
Case II: h does not factor through X 0 (n) c −→ P 1 . Then the compositum of k(c) and k(h) in the function field k(X 0 (n)) is strictly larger than k(c). Because of the Galois group (Proposition 3.1(d)), the only nontrivial extension of k(c) in k(X 0 (n)) is the whole field k(X 0 (n)). Thus k(c) and k(h) generate k(X 0 (n)). By Proposition 3.2,
as n → ∞, by Proposition 3.1(b,c). 
has only simple roots, none of which are also roots of Φ n (0, c). Combining this with (4) shows that Φ n (ζ −1 f m−1 (0), c) has only simple roots.
It remains to prove deg Φ n (
In fact, this is [Gao16, Lemma 4.8]. In our notation, the argument is as follows. By induction on m, the degree of the polynomial
Hence, by induction on e, we have deg f
Proof of Theorem 1.1 in characteristic 0.
(a) By Theorem 2.1, the dynatomic curves over k are the curves Y 1 (n) and Y 1 (m, n) ζ , and they are geometrically irreducible. (b) The curves Y 1 (n) and Y 1 (m, n) ζ dominate X 0 (n), so their gonalities are at least the gonality of X 0 (n), by [Poo07, Proposition A.1(vii)]. In light of Theorem 1.4, it remains to prove that in each tower
for fixed n and ζ, the gonality tends to ∞ as m → ∞.
Case II: h does not factor through any such curve Z. Denote by π m the degree d map
and let π m : X 1 (m, n) ζ → X 1 (m−1, n) ζ be its extension to the smooth projective models. Let R m be the ramification divisor of π m .
Applying Proposition 3.2 to π m and h yields Proof. Theorem 1.1(a) for F q implies that the dynatomic curves over k are just the base extensions of the dynatomic curves X over F q , and that they are geometrically irreducible too. We will prove in Section 4.4 that the smooth projective model of each X has an F qpoint. Then Theorem 2.5(iii) and Proposition A.1(ii) of [Poo07] imply γ(X k ) ≥ γ(X), which implies Theorem 1.1(b) for k. Proof of Theorem 1.1. By Lemma 4.1, we may assume that k = F q . (a) Let X be the smooth projective model of a dynatomic curve, corresponding to a factor of f n (z) − f m (z) for some n and m. By Lemma 4.2(b), f n (z) − f m (z) splits completely over F q ((t)), and the preimage of ∞ under X . Each preimage of ∞ in X is an F q -point of ramification index d, so there are e/d such points. On the other hand, P 1 has only q + 1 points over F q , so any nonconstant morphism X → P 1 has degree at least e/(d(q + 1)). As X varies, e → ∞ by Lemma 4.3. 
